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PROBLEMS AND SOLUTIONS. 



Solution (completed) by Horace Olson, Chicago, Illinois. 

Professor Hartwell's solution of this problem in the June issue of the Monthly is incomplete; 
it does not cover the case in which the given line is parallel to the radical axis of the circles. 

This case may be considered in two parts, according as the given circles do or do not intersect 
in real points. If they intersect in real points, the required circle passes through three known 
real points, and can therefore readily be constructed. 

If the given circles do not intersect in real points, we have x 2 — r 2 = c 2 , where a;.is the distance 
from the radical axis to the center of any circle of the system of coaxial circles, r is its radius, and 
c is a real constant ascertainable from the given circles; c is, in fact, the length of the tangent 
from the intersection of the line of centers and the radical axis to any circle of the system. The 
distance d from the radical axis to the given line is either x + r or x — r, according as it is 5 c, 
x and r being here the x and r of the required circle. From these two equations, we find 



_d £_ 

X 2 + 2d' 



and 



'2d 



Thus, the required circle is unique and can easily be constructed. Professor Hartwell's second 
solution becomes, in the cases I am considering, x — <» , r = °° ; i. e., the radical axis itself. 

481. Proposed by PAUL capron, U. S. Naval Academy. 

Show that the locus of the intersection of a pair of perpendicular normals to a parabola 
y 2 = 4pa; is the parabola y 2 = p(x — 3p). 



Solution by F. M. Morgan, Dartmouth College. 

The line y = mx — 2pm — pm 3 is a normal to the parabola for all values of m. If x and y 
are considered as constants, then the roots of this equation are the directions of the normals that 
pass through the point (x, y). Call the roots mi, m%, mz. Now, mimtms = — (yip). But if 
two normals are perpendicular, mimz = — 1. Therefore, m 3 = (yip). 

However, y = mzx — 2pm% — pm s 3 ; i. e., 

y=m- 2 y-£ 
y p " p 2 ' 

which when simplified takes the form y 2 = p(x — dp). 

Also solved by Norman Anning, H. R. Howard, Elijah Swift, C. K. 
Robbins, J. A. Bullard, H. L. Agard, S. E. Rasor, T. O. Walton, R. W. 
Lord, Horace Olson, C. M. Sparrow, G. W. Hartwell, R. A. Joiinson, 
C. A. Epperson, C. E. Dimick, H. S. Uhler, and the Proposer. 

482. Proposed by Robert g. thomas, The Citadel, Charleston, S. C. 

In laying out a kite-shaped mile race-track, composed of a circular 
arc and two intersecting tangents at the ends of the arc, determine the 
angle at the center of the arc (a) when the length of the arc equals the 
sum of the two tangents, and (6) when the arc is equal to the length of 
each tangent. 

Solution by William W. Johnson, Cleveland, Ohio. 

Let AP and BP be the two tangents, and ACB the arc compos- 
ing the race-track; the center, and OB the radius of the arc. Let 
BOP = <p, OB = r, and AP = BP = t. Then, the length of the arc 
ACB = r(27r - 2<p). By the conditions in (a), (1) 2r(ir - <p) = 2t, 
and (2) r = t/tan <p. Eliminating r between (1) and (2), we obtain 
(3) <p + tan <p = ir. By the conditions in (6), we have (4) 2r(v — *>) 
= t. Eliminating r between (2) and (4), we obtain (5) 2<p + tan <p=2v. 
Solving equations (3) and (5) by the Method of Successive Approxima- 
tions, we find from (3), angle <p = 63° 45' 38.657". Whence, angle at center of arc = 2(ir - *>) 
= 232° 28' 42.686", answer to (a). From (5), angle <p = 74° 46' 14.636". Whence, angle at 
center of arc = 2(ir - <p) = 210° 27' 30.728", answer to (6). 
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Note. — By the conditions in (a) or (6) the angle of the arc is independent of the total length 
of the race-track. 

Also solved by C. E. Dimick, H. L. Agard, G. Paaswell, A. H. Holmes, 
Paul Capron, W. C. Eells, C. K. Robblns, W. J. Thome, J. A. Bullard, 
H. S. Uhleb, and the Proposer. 

calculus. 

342. Proposed by CLABIBEL KENDALL, University of Colorado. 

Referring to Poincar6's Science and Hypothesis, page 65, show that the path between two 
points in Poincar6's ideal world, requiring the least number of steps of beings such as exist on earth, 
is the arc of a circle cutting the boundary of the Poincare' world orthogonally. 

Solution by B. P. Finkel, Drury College. 

Poincare 1 in his Science and Hypothesis, page 49, 1905 edition, says: "Suppose a world enclosed 
in a great sphere and subject to the following laws: 

"The temperature is not uniform; it is greatest at the center, and diminishes in proportion 
to the distance from the center to sink to absolute zero when the sphere is reached in which this 
world is enclosed. 

"To specify still more precisely the law in accordance with which this temperature varies: 
Let B be the radius of the limiting sphere; let r be the distance of the point considered from the 
center of this sphere. The absolute temperature shall be proportional to i? 2 — r 2 . 

"I shall further suppose that, in this world, all bodies have the same coefficient of dilatation 
so that the length of any rule is proportional to its absolute temperature. 

"Finally, I shall suppose that a body transported from one point to another of different 
temperature is put immediately into thermal equilibrium with its new environment." 

To make this problem concrete, suppose a man in this ideal world wishes to go from his 
house to his barn along the shortest path. From the nature of the problem, it is clear that the 
required path will lie in the plane of the house, barn, and center of the sphere. We shall assume 
this to be the case. Taking the center of the sphere as origin of rectangular coordinates, let 
(xo, 2/o) be the coordinates of the house and (asi, yi) the coordinates of the barn. Let the length 
of a step be fc(JR 2 — r 2 ). Then if ds is the length of an element of the path, ds/k(R 2 — r 2 ) is the 
number of steps taken in traversing this element, and the total number of steps taken in going 
from the house to the barn is 

P * _ P 1 jl + y*dx = dy 

Jx» k{B? - r 2 ) J ** k(W -x*-y*)' v dx 

This integral is to be made a minimum. The necessary condition for a maximum or minimum is 
dF d ° F -, = 0, where F- 1 ^^ 



dy dxdy' ' kB? - x 2 - y 2 ' 
Hence, we have 

. / <Py \ 

2j/\l+/ _( dtf 2(xy' + yy' 2 ) \ Q 

(i? 2 - x 2 - 2/ 2 ) 2 \ (i + /)W(fl2 - x2 - y*) VTHAiS?-* 2 -*/ 2 ) 2 / ' 
or 

A x i \ V dx) 

V(»r v^r 

Transforming to polar coSrdinates by the relations x = p cos 8, y = p sin 0, we have 



